Abstract-This paper presents a forecasting technique for forward electricity/gas prices, one day ahead. This technique combines a Kalman lter (KF) and a generalised autoregressive conditional heteroschedasticity (GARCH) model (often used in nancial forecasting). The GARCH model is used to compute next value of a time series. The KF updates parameters of the GARCH model when the new observation is available. This technique is applied to real data from the UK energy markets to evaluate its performance. The results show that the forecasting accuracy is improved signi cantly by using this hybrid model. The methodology can be also applied to forecasting market clearing prices and electricity/gas loads.
especially in competitive environments [5] . To overcome this problem, some researchers have proposed a hybrid form of forecasting models, which are the combination of Kalman lter/Extend Kalman Filter (EKF) and prediction models, such as Radial Basic Function (RBF), Multilayer perceptrons (MLP), linear regression (LR), or nancial models. The forecast models are used to forecast next-day price, and KF/EKF updated parameters of these models as the new value of price are observed. Niranjan [11] used EKF algorithm to recursively reestimate parameters of the Black-Scholes model from observations (the Black-Scholes model is well-known nancial formula for approximate option price). Nabney et al. [12] showed that an EKF used for online-learning parameters of RBF model give much better tracking of non-stationary data than a xed RBF model. Some researchers proposed a training method, which used an EKF in order to train MLP network. The simulation results on predicting exchange rate [13] , positioning a GSM mobile phone in real-time [14] , estimate wind turbine power generation [15] , and predicting New England electricity price [16] show that this method is good in the speed of learning and the accuracy of mapping. Parameters of linear models were also estimated using a KF in [17] , [18] . This paper uses the combination of KF and GARCH model. This model is applied in forecasting forward electricity/gas price in the UK market. We compare the prediction performance of three methods:
Method 1: a random walk model, which is used as a benchmark. Method 2: xed GARCH model, i.e. model whose parameters are xed after training on a subset of the data set. Method 3: a combination of KF and GARCH model, where parameters of GARCH model are adapted continuously on the test set using KF.
Compared with previous work, our paper has the following contributions. Firstly, we propose a framework for an adaptive GARCH model and apply it for electricity/gas price forecasting problem. Secondly, besides historical price data, a number of exogenous variables, for example, electricity/gas demand, temperature, exchange rate (USD:GBP) etc, are also considered as candidates for input variables. Some pre-processing procedures are used to chose the relevant input variables for each forecasting model. This paper is organised as follows. Section II provides the detailed forecasting framework. In Section III, the detail of the hybrid model is presented. The numerical results on data from the UK electricity/gas market are given in Section IV. Section V provides some conclusions. 
II. FORECASTING FRAMEWORK
The framework of Method 3 for forecasting electricity/gas prices of forward contracts is shown in Figure 1 . A data set is divided into two subsets: (1) a training set to train the models and (2) a test set to evaluate these models by calculating their errors.
Training phase:
Step 1: Determine the input vectors for GARCH model. In addition to historical price data, there is a large number of observable variables which are potential inputs. However, only some of them are relevant. Using irrelevant variables as inputs might reduce the performance of the forecasting models. Therefore, selecting correct inputs for each type of model is very important. In the this phase, various measures were used to determine the relevant input variables, including the correlation matrix (CM), autocorrelation function (ACF), and partial autocorrelation function (PACF).
Step 2: The training sets are used to estimate parameters of GARCH models. We can use maximum likelihood to train the model with an iterative non-linear optimisation algorithm.
Test phase: Two steps are recursively repeated.
Step 1: When the new observation is available, the Kalman Filter updates parameters of the GARCH model.
Step 2: Use the GARCH model with the latest estimated parameters to predict the next-day price.
III. COMBINATION MODEL

A. GARCH
In several forecast model, such as MLP, RBF or LR, the errors are assumed to be homoscedastic (i.e., the variance of the residual is assumed to be independent of time). GARCH [19] can be used to model changes in the variance of the errors as a function of time. The GARCH(r; m) model is given by:
with constraints:
where x t , y t , and " t represent the input vector, output vector, and error of the model respectively, n t is variance of error " t , = f 0 ; b g is parameters vector for the AR process, m and r are order of ARCH process and AR for the variance n t respectively. e t is i.i.d, with E(e t ) = 0 and var(e t ) = 1. e t can be a Gaussian or Student-T distribution. GARCH is a generalisation of a linear time series model with homoscedastic disturbances in which the variance n t of the noise varies with information about errors and its variance up to time t.
We can train a GARCH model using maximum likelihood. To deal with the constraints (4), we used penalty function method to optimise the model.
B. Kalman Model 1) State space models:
The Kalman Filter is based on a state space model; we assume that the observed time series y t 2 R p is a function of random variables x t 2 R k which are not observed.
where v t 2 R p is assumed to be Gaussian noise N (0; R), y t is the output of the model, x t is the hidden state vector. The p k matrix H t is the output matrix. Equation (5) represents the output function. We assume that the dynamics of the hidden state space is given by
where the k k matrix F t forms the parameters of the model and w t is zero-mean Gaussian noise with covariance Q. Equation (6) represents the state transition function. The hidden state vector obeys the Markov independence property (i.e. the current state depends only on the previous state).
x 0 is the system initial condition, modelled as a Gaussian random vector x 0 N ( 1 ; P 1 ). Equation (6) shows that if p(x t ) is Gaussian, then so is p(x t+1 ):
2) Kalman Filter: The Kalman Filter [20] is a recursive algorithm used to compute the probability of the current hidden state space x t given the sequence of observations up to time t. One iteration of the KF is composed of the following consecutive steps:
Prediction:
x where: is the a priori state estimate at time step t given knowledge of the process prior to step t, and x t t is an a posteriori state estimate at time step t given measurement y t . The matrices P t 1 t and P t t are a priori estimate error covariance and the a posteriori estimate error covariance respectively. In the prediction phase, the a priori state estimate x t 1 t and the a priori estimate error covariance P t 1 t are computed forward from time step t 1 to step t. In the update phase, we assume that we have measured the process to obtain y t . Firstly, the Kalman gain K t is computed. Then the a posteriori state estimate x t t and the a posteriori estimate error covariance P 
C. Combination of GARCH and Kalman lter
In a xed GARCH model, its parameters are estimated using the training set only, and the test set is not used to adjust parameters. This constraint may reduce the forecast accuracy, especially in predicting non-stationary data. To overcome this, the KF can be used to update parameters of a GARCH model by treating the weights as the states of an unforced linear dynamical system. This can be considered as an estimation problem where the weight values are unknown and have to be estimated. A little noise is added to the existing state estimate. Denote the vector of GARCH parameters which need to be updated by , then the evolution equation of GARCH parameters is given by
The other parameters of the Kalman lter can be derived from the GARCH model. We consider two solutions of combination of GARCH and Kalman Filter as follows.
1) Solution 1: In this solution, all parameters of GARCH model are set on training set, with exception of the bias 0 which is adjusted on-line on the test set. Denote = f 0 ; :::; m ; 1 ; :::; r g
On the training set: we use maximum likelihood to compute GARCH parameters, denoted (0); (0). On the test set: two steps are recursively repeated.
Step 1: Update parameters of the GARCH model using the KF. We xed the value (t) = (0) and b (t) = b (0), and used a KF to update value of 0 (t). The KF is given by
Parameters = fQ; P 1 g of the Kalman Filter can be estimated by using maximum log likelihood (using the Kalman smoother) [21] , or just initialised to relatively small values. Other parameters of KF are given by
Step 2: Predict next-day price
2) Solution 2: In this solution, all parameters of GARCH model are set on training set, with exception of = f 0 ; b g which is adjusted on-line on the test set. Denote = f 0 ; :::; m ; 1 ; :::; r g
Step 1: Update parameters of the GARCH model using the KF. We xed the value (t) = (0), and used a KF to update value of (t). The KF is given by
Parameters = fQ; P 1 g of the Kalman Filter can be estimated by using maximum log likelihood (using Kalman smoother) [21] , or just initialised to relatively small values. Other parameters of KF are given by
IV. EXPERIMENTAL RESULTS
A. Data
Two datasets are used in this work: (1) daily price of monthly electricity baseload forward products and (2) daily price of monthly gas forward products. They are taken from the UK energy market, provided by E.ON UK plc. The monthly electricity/gas product is a forward contract for supplying electricity/gas in a single month in the future. In the UK energy market, it is possible to trade gas from one to six month(s) ahead and to trade electricity from one to four month(s) ahead. There is four/six months of daily price data (approximately 90/130 data points) for each monthly electricity/gas product. For example, the July 2006 gas product Figure 2 and 3 show six sub-dataset of the electricity dataset (denote sub-datset 1 to 6) and gas dataset (denote sub-datset 7 to 12) respectively. The test sets of the rst three sub-datasets of each dataset correspond to the beginning, middle and end of a stable monthly product. The test sets of the last three sub-datasets of each dataset correspond to the beginning, middle and end of a volatile monthly product. If a test set of a sub-dataset is the beginning or middle of a monthly gas product trading period, the training set are data of another monthly product. For example, in subdataset 8 in the gas price dataset (Figure 3 (b) ), the test set is the middle samples of March 2007 product and the training set is November 2006 product. The prices for different products are different even in the same trading day; for example, the price of a colder month is normally higher than that of a warmer month. This is the reason why there is gap between the training sets and test sets of these sub-datasets in Figure  2 and 3.
We have randomly selected the sub-datasets from tables of price of monthly electricity/gas forward products. The input of the forecast models include historical price of monthly products, seasonal products and weekend ahead products (i.e. contracts for the next Saturday/Sunday.). In this paper, the GARCH models with m = 1 and r = 1 are used.
B. Model evaluation
The random walk (RW) is used as a benchmark model. This model is given by:
where " is a zero-mean noise. The model predicts that the next value of the time series is the same as the current value. To evaluate the prediction performance of these models, three types of prediction errors of the test sets are computed: Mean Squared Error (MSE), Root Mean Squared Error (RMSE), and Mean Absolute Percent Error (MAPE).
where y real is the real gas price, y f orecast is the forecast gas price, y is the mean of y real , and T is the number of data points. We also compute the improvement ratio (IR) of errors of a method comparing to errors of the RW model. Errors here may be MSE, RMSE or MAPE. For example, the IR of MSE of a model M comparing to MSE of the RW is given by:
C. Results
The IR M SE , MSE, MAPE, and RMSE are computed for each sub-dataset and for prediction methods. Their averaged values for the six sub-datasets of electricity and gas dataset of these methods are shown in Table I and Table II respectively. For the purpose of comparison, these errors are computed for four methods, as the follows Random walk model, which is used as the bench mark model. Fixed GARCH model, whose parameters are computed on the training set.
Adaptive-0 GARCH model, whose all parameters are set on training set, with exception of the bias 0 which is adjusted on-line on the test set. Adaptive-GARCH model, whose all parameters are set on training set, with exception of which is adjusted on-line on the test set.
It can be noticed that the errors of adaptive models are reduced in comparison with those of the xed GARCH model. Therefore, the adaptive models do improve the performance of the GARCH model in these datasets. This improvement proves the usefulness of updating parameters using a Kalman lter. MSE of adaptive GARCH models are 0.2155 and 0.0945 for electricity price dataset and gas price dataset respectively, their MSE improves around 15.9% compared to the MSE of the random walk model. There is not much difference between the results of adaptive-0 GARCH and those of adaptive-GARCH. Table III , IV, V and VI show the MSE and Improvement ratio (IR) of these forecast models for sub-datasets. It can be seen that the adaptive GARCH models reduce the prediction errors in comparison to xed GARCH model in case of volatility data (i.e sub-datasets 4, 5, 6, 10 and 12). For example, in the results for sub-dataset 5, the MSE of the adaptive-0 GARCH model and the adaptive-GARCH model improved 15.76% compared to these in the random walk model while the improvement ratio for the x GARCH model is only 3.42%. However applying the lter has not much effect on stationary data (i.e. sub-datasets 1, 2, 3, 7, 8 and 9).
The adaptive models were also applied for gas quarterly products and achieved comparable but slightly worse results.
V. CONCLUSION
This paper proposes a new forecast technique which is a combination of GARCH and Kalman lter models. Testing on the UK electricity/gas forward price shows that the GARCH models with online adaptive parameters outperform the normal GARCH model on volatile data. The framework of this combination model of GARCH can be applied to other prediction models, such as machine learning or nancial models. This paper forecasts daily electricity/gas prices for the monthly forward product as an example to verify the performance of the proposed method. It can be used for forecasting other types of forward products, market clearing prices, and electricity/gas demand forecasts. 
